In this work we study a modified theory of gravity that contains up to fourth order spatial derivatives as a model for the Hořava-Lifshitz gravity. The propagator is evaluated and, as a result, it is obtained one extra pole corresponding to a spin two nonrelativistic massless particle, an extra term which jeopardizes renormalizability, besides the unexpected general relativity unmodified propagator. Then, unitarity is proved at the tree-level, where the general relativity pole has shown to have no dynamics, remaining only the two degrees of freedom of the new pole.
I. INTRODUCTION
Einstein's General Relativity (GR) generalizations due to the addition of extra derivative terms was proposed a long time ago [1, 2] . Such modifications became interesting in the context of quantum gravity, where Einstein's theory is known to be perturbatively nonrenormalizable by power counting [3] . It has been verified that, in the presence of extra terms containing products of the curvature tensor, the theory turned out to be renormalizable.
However, such modification introduced pathologies into the theory which loses unitarity [4] .
More recently, in an attempt of constructing a perturbatively renormalizable and unitary gravitational theory, Hořava [5] proposed modifications of GR via extra terms with only spatial derivatives, introduced in a chosen spacetime foliation. The foremost argument for such proposal lies in the fact that, the gravity propagator of the linearized theory would behave like 1 only simple poles in ω 2 . It has been verified that the theory proposed in [5] is not so simple and that new degrees of freedom, among other illness, are present [6] [7] [8] [9] [10] [11] [12] [13] [14] .
In this work we will be interested to study the exact form for (1.1). To this end, we propose a prototype for the theory in [5] . The model in question, restricting ourselves to z = 2, is described by the action 2) defined in the foliation M ∼ = ℜ × σ. There, spacetime indices µ, ν, · · · run from 0 to 3, while i, j = 1, 2, 3 are the indices that label spacial coordinate on σ. Also, κ 2 = 16πG, G is the Newton's constant, and, all over the paper, c = = 1. The spacetime signature we are dealing with is (− + ++), R
α
jkl ) is the Riemann curvature tensor in 4 (3) dimensions for the metric g µν (g ij ). It will be convenient, in this spacetime signature, to define R ijkl can be totaly cast as a combination of R (3)2 and R (3)ij R
ij (see, for instance, the appendix in [15] ). In the next section we will dedicate ourselves to the computation of the propagator of (1.2) in the weak field approximation. Section III contains a systematic study of unitarity at the tree-level. At this level, we show that the dynamic of the theory is governed by a pole that corresponds to a nonrelativistic spin two massless particle. The obtention of the semiclassical nonrelativistic potential for a boson-boson scattering process, via gravitational interaction, is done in Section IV. Section V contains the conclusions.
II. THE PROPAGATOR
Let us perform the linearization of (1.2) in the weak field approximation
whose inverse is g µν ≈ η µν − κh µν . The background metric is η µν = diag(−1, 1, 1, 1) and the h µν are the gravitational field fluctuations. By collecting terms up to second order in h µν ,
where ∂ 2 = ∂ µ ∂ µ , simple underline means first order in h, double underline means second order in h and so on. The trace is h ≡ η µν h µν while
Clearly, the action (2.2) is invariant under the gauge transformations δh µν = −∂ µ ξ ν − ∂ ν ξ µ ≡ −2∂ (µ ξ ν) for any arbitrary ξ µ . Then, in order to evaluate the propagator, we may choose the de Donder gauge, Γ µ = 0, by introducing into the action the following term: where in momentum space, with k µ = (ω, k), 
In the above expressions we have set k 2 = −ω 2 + k 2 , δ µν,αβ ≡ η µ(α η β)ν and used the convention
The difficulty of inverting (2.6) comes from the noncovariant form of the operatorÕ. Our plan is to first separate the components with pure spatial indices from the rest. This may be achieved by defining
Componentwise, 
By the definition of M ij in (2.10d), it is straightforward to get
In the last line of (2.13) we defined
The appendix A contains all the necessary tools to invert C ij,kl . The calculation is tedious but straightforward. We use the Barnes-Rivers operators given in (A1), together with (A4), (A5), and, as a last step in the equation so obtained, the equalities in (A8) and (A9) are employed. We then quote the result
So far we have obtained the part of the propagator with pure spatial indices. Equations (2.13a), (2.13b), (2.13c) and (2.13d) enable us to get the remaining terms, so that
where
The propagator in (2.17) has two poles besides the term Q. The first line of that equation is just what one gets from pure GR, and corresponds to the massless pole −k
By looking at the second line in (2.17), we notice that this pole, for nonvanishing β, gains a correction that is proportional to P 2 in its spatial indices sector. In the next section we will analyze the contribution of this correction to the dynamic of the theory, at the tree-level.
particle which obeys a nonrelativistic dispersion relation
For this pole to have physical meaning either β < 0, or, otherwise, there will be a limit in the particle momentum (β > 0 ⇒ k 2 < 1/β). This is the expected pole in the propagator we wrote in (1.1) that may improve renormalizability. Nevertheless, the last term in (2.17),
proportional to Q, clearly spoils renormalizability, unless we set 8α + 3β = 0. Such choice of the parameters α and β is in accordance with the detailed balance condition introduced by Hořava in [5] . This can be seen by taking α = − 3 8 β so that the extra spacial derivative terms in the action (1.2) furnishes
is the inverse of the Weyl metric G ij,kl = q i(k q l)j − q ij q kl , q ij = g ij while, q ij is the inverse of q ij and the 3-dimensional action W is given by
It is worth mentioning that the detailed balance condition plays an essencial role regarding renormalizability in the full Hořava theory, as shown in [16] . In the present case it justifies the removal of a bad behaved term which would spoil the renormalization of the model.
III. TREE-LEVEL UNITARITY
We can readily check from (2.17) that the linearized theory described by (1.2) does not contain tachyons. This is already an improvement compared to the modified theories of gravity with higher time derivatives [4, 17] that, beyond having tachyons, are not unitary even at the tree-level.
In this section we are going to examine unitarity for the model (1.2) at the tree-level.
To this end, it is enough to study the residue of the poles when we saturate the propagator (2.17) with an arbitrary conserved current [17, 18] 
Here, T µν has been arbitrarily expanded in terms of the linearly independent four-vectors k µ = (ω, k),k µ = (−ω, k) and the orthonormal graviton polarization vectors ǫ µ x = (0, ǫ x ), x, y = 1, 2 ( ǫ x · k = 0) with the coefficients a, b, c xy = c yx , d, e x and f x . Conservation implies
Equations (3.2) and (3.1) enable us to write the amplitude
where we used the identities T PT = 0 for P = P 1 ,P 0 ,P 0 and
The last term in (3.3) does not correspond to a pole, so, there is no particle associated to it. But, it clearly prejudices the divergent behavior in perturbation theory unless we fix accordingly the constants α and β, i.e., 8α + 3β = 0. In this situation, we conclude that, at least at the tree-level, the theory is unitary. The cancellation of the term corresponding to the pole at −k 2 = 0 in (3.3) implies that this particle has no dynamics. Yet, the pole at −k 2 + β k 2 = 0 with positive residue is a physical particle with two degrees of freedom (P 2 ij,kl has only two independent indices). In other words, apparently, the disappearance of the pole −k 2 = 0 in favor of the pole −k 2 + β k 2 = 0 means that the graviton has become a nonrelativistic particle represented by this pole. Notice that the residue of this modified pole is the same as the graviton pole when α = β = 0. 
IV. SEMICLASSICAL POTENTIAL IN THE NONRELATIVISTIC LIMIT
Once the propagator of the theory is obtained, we can analyze the scattering process of two particles interacting gravitationally within this modified theory. This enable us to evaluate the effective low energy potential due to the gravitational interaction of two identical massive bosons particles of zero spin described by the Lagrangian density
up to first order in h, where
The amplitude for this scattering process, as illustrated in Fig. 1 , is given by
where k = p ′ − p = q − q ′ is the momentum transfer and the vertex V µν (p, p ′ ), drawn in Fig. 2 , is
For simplicity, we will restrict our calculation to the center of momentum reference frame (p
the amplitude (4.3) can be cast as
The effective potencial for the just calculated scattering amplitude is obtained from the Fourier transform 6) by inserting the low energy limit of (4.5) , that is to say,
Collecting all the above results one gets
As one can observe, the nonrelativistic limit In this paper we have studied the propagator of a Horava-Lifshitz like theory with quartic spatial derivative terms. This propagator has two poles, one corresponding to the GR graviton pole and other also corresponding to a spin 2 massless but of nonrelativistic character.
Besides the improvement brought by the spatial quartic terms there are some points which deserve mentioning. Firstly, the presence of the unmodified GR sector is potentially dangerous. Nevertheless, by coupling the model to a scalar field through a conserved current,
we verified that at tree-level the residue of the GR pole is zero and that the only excitation corresponds to a spin 2 nonrelativistic particle. In that situation, we also showed that the theory is free of ghosts and tachyons. Even though at the tree-level the unmodified GR pole has no dynamics, we cannot assert that it will not contribute to higher order virtual processes. Moreover, the propagator also possess a non-pole term that by power counting clearly prejudices renormalizability . In fact, such term increases the ultraviolet divergence and may spoil the theory as a whole. The solution for this problem passes by a choice of the arbitrarily inserted constants α and β and, as showed, is in the class of extensions which satisfies the detailed balance condition.
The effective low energy potential for scattering process involving two massive bosons that interact via this higher spatial derivative theory was also computed and, as a result, we obtained Newton's potential plus a Dirac delta in position, i.e., a Darwin-like term. This term is well known in QED from the evaluation of the nonrelativistic potential obtained from electron-electron scattering and is related to the indeterminancy in electrons' position.
In the quantum gravity case, this imprecision in the boson position is not present in pure linearized GR and have appeared in the present case labeled by the constants α and β.
The relevant information we have obtained with this model is that higher order spatial derivatives do not ensure that the GR propagator will be modified as expected, with higher order in momentum k 2 . In fact, within the modifications worked in this paper, we have reobtained the unwished GR graviton pole plus the desired term like (1.1) which may improve the ultraviolet behavior of the quantum theory. We also showed that a bad ultraviolet behaving term has appeared and that only within a specific combination of the constants α and β it can be eliminated. This, in fact, shows that the addition of higher order spatial derivatives is not enough to warrant renormalizability and that the way one introduces such extra terms is crucial when renormalizability is at stake.
The 3-dimensional symmetric Barnes-Rivers operators [17] [18] [19] are given by
where the projection tensors
have been defined. Such operators obey (using AB in the place of A ij,kl B kl,mn to the con-
together with P θω ij,kl = θ ij ω kl and P ωθ ij,kl = ω ij θ kl . Any other contraction is found to be zero. Those operators also obey the identities δ ij,kl = (P 1 + P 2 + P 0 +P 0 ) ij,kl (A3a)
whose inverse, if exists, will bẽ
In 4-dimensions, the Barnes-Rivers operators may be written as
Now, the projection operators are defined by
Eventually, it will be convenient to relate the Barnes-Rivers operators in three and four dimensions. When only the spatial indices are being treated, it is possible to obtain the identities between the P 's and P's as 
Such equations enable one to get
